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Abstract. In this paper, we study the exact and approximate con-
trollability of a class of semilinear integro-differential control systems
involving impulses, delays, and nonlocal conditions. In contrast to stan-
dard approaches, where the corresponding linear dynamics are trans-
formed into an ordinary differential equation and memory effects are
incorporated as perturbations, we preserve the original Volterra integro-
differential structure of the system.

Our approach starts with a detailed analysis of the controllability
properties of the associated linear integro-differential system. Based
on this characterization, we then address the semilinear problem. Un-
der appropriate assumptions on the nonlinear contributions, including
those induced by delay-dependent terms, impulsive effects, and nonlo-
cal conditions, we establish exact controllability by employing Rothe’s
fixed-point theorem and a suitable subadditivity framework.

Furthermore, by weakening the conditions imposed on the nonlinear
terms, we obtain approximate controllability results through an alter-
native technique inspired by A.E. Bashirov et al., which allows us to
avoid the use of fixed-point arguments.

1. Introduction

In this work, we address the exact and approximate controllability of a
semilinear integro-differential control system incorporating impulses, delays,
and nonlocal conditions. In contrast with standard treatments, where the
associated linear dynamics are typically reduced to an ordinary differential

2020 Mathematics Subject Classification. Primary: 47G20, 93B05; Secondary: 34K05,
93C10.
Key words and phrases. Controllability, Integro-differential equation, Delay, Impulses,
Nonlocal conditions.
Full paper. Received 8 Dec 2025, accepted 25 Jun 2026, available online 30 Jun 2026.
∗Corresponding author.

©2026 Mathematica Moravica
115

https://doi.org/10.5937/MatMor2601115L
https://orcid.org/0000-0002-3521-6253
https://orcid.org/0000-0003-0180-3289
https://orcid.org/0000-0003-0374-8156


116 Controllability of semilinear pure integro-differential equations

equation and memory effects are incorporated as perturbations, we preserve
the intrinsic Volterra integro-differential structure of the linear part.

The analysis is developed in two main stages. We begin by establishing a
controllability characterization for the corresponding linear Volterra system
(see Lemma 2). Building on this result, we then consider the semilinear
problem. Assuming that the underlying linear system is controllable and
that the nonlinear terms namely, the delay-dependent external force, the
impulsive contributions, and the nonlocal component satisfy suitable sub-
linear growth conditions, we prove exact controllability by means of Rothe’s
fixed-point theorem.

Subsequently, we derive approximate controllability under weaker assump-
tions. In particular, we impose a single growth condition on the delayed
external force together with mild regularity requirements on the remaining
nonlinear terms. The argument relies on a technique introduced by A.E.
Bashirov et al. (see [2–4]), which allows us to obtain approximate control-
lability results without resorting to fixed-point methods. To the best of our
knowledge, this approach provides a novel perspective and suggests new di-
rections in the study of integro-differential systems with memory, impulses,
and delay effects.

It is worth noting that, in many models with hereditary features, the
associated linear control system takes the form of an ordinary differential
equation. In such cases, the controllability operator depends explicitly on
the memory kernel through the Volterra resolvent R, since the input-to-state
mapping at time τ is given by

u 7→
∫ τ

0
R(τ, s)B(s)u(s) ds,

even when the control appears in the instantaneous form B(t)u(t). This
phenomenon is well documented in the context of partial differential equa-
tions, where systems such as heat or viscoelastic models with memory may
exhibit either positive or negative controllability properties depending on
the kernel structure and the actuation mechanism [1,7, 9].

More generally, control problems for dynamical systems with memory
arise in a wide range of applications, including heat conduction with hered-
itary effects, viscoelastic materials, population dynamics, and related fields.
A significant portion of the literature on semilinear controllability relies on
reducing the associated linear dynamics to an ordinary differential equation
of the form

(1) z′(t) = A(t) z(t) +B(t)u(t),

and subsequently treating delays, nonlocal conditions, or memory terms as
nonlinear perturbations within this ODE framework; see, for instance, clas-
sical results on (approximate) controllability in Banach and Hilbert spaces
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[11]. Within this setting, controllability of the linear system (1) is typi-
cally assumed, and the corresponding semilinear problem is handled under
boundedness, Lipschitz-type, or growth conditions on the nonlinear terms.

In this paper, we consider the following semilinear control system involv-
ing impulses, delays, and a nonlocal condition

(2)



z′(t) = C(t)z(t) +
t∫
0

[
A(t, s)z(s) +B(t, s)u(s)

]
ds

+f(t, zt, u(t)), t ∈ (0, τ ],

z(s) + P
(
zτ1 , zτ2 , . . . , zτq

)
(s) = ϕ(s), s ∈ [−r, 0],

z(t+k ) = z(t−k ) + Sk

(
z(tk), u(tk)

)
, k = 1, 2, . . . , p,

where 0 < t1 < t2 < · · · < tp < τ and 0 < τ1 < τ2 < · · · < τq < τ .
The state variable satisfies z(t) ∈ Rn, while the control function is given by
u(t) ∈ Rm. Moreover, the history segment zt : [−r, 0] → Rn is defined by
zt(s) = z(t+ s). The coefficient matrices C(t) ∈ Rn×n, A(t, s) ∈ Rn×n, and
B(t, s) ∈ Rn×m are assumed to be continuous. In contrast with approaches
based on reducing the problem to an ordinary differential equation, we retain
the Volterra-type structure at the linear level and analyze the controllability
of a genuine integro-differential system, where both the state and the control
act through kernels depending on two time variables. In particular, we
consider the associated linear system

(3) z′(t) = C(t)z(t) +

∫ t

0
[A(t, s)z(s) +B(t, s)u(s)] ds, t ∈ (0, τ ].

Assumptions for Exact Controllability:
The mappings

P : Cq := C
(
[−r, 0]; (Rn)q

)
→ C

(
[−r, 0];Rn

)
, ϕ ∈ C

(
[−r, 0];Rn

)
,

f : [0, τ ]× C
(
[−r, 0];Rn

)
× Rm → Rn,

Sk ∈ C
(
Rn × Rm;Rn

)
, k = 1, . . . , p,

are assumed to satisfy the following sublinear growth conditions:

(4)
∥f(t, ϕ, u)∥Rn ≤ a0∥ϕ(−r)∥ς0Rn + b0∥u∥ν0Rm + c0,

u ∈ Rm, ϕ ∈ C([−r, 0];Rn), t ∈ [0, τ ],

(5)
∥Sk(z, u)∥Rn ≤ ak∥z∥ςkRn + bk∥u∥νkRm + ck,

u ∈ Rm, z ∈ Rn, k = 1, 2, . . . , p,

(6) ∥P(z)∥C ≤ e ∥z∥ηCq
, z ∈ Cq,

(7) ∥P(z)− P(w)∥C ≤ K ∥z − w∥Cq , z, w ∈ Cq,
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where the exponents satisfy 0 < η < 1, 0 < ςk < 1, and 0 < νk < 1 for all
k = 0, 1, . . . , p. In addition, the impulsive conditions are understood in the
sense that

z(t+k ) = lim
t→t+k

z(t), z(tk) = z(t−k ) = lim
t→t−k

z(t).

Assumptions for Approximate Controllability:
The main assumption is that the nonlinear mappings f and Sk possess suf-
ficient regularity so that, for each control u, system (2) admits a unique
solution in the sense of [5, 12]. Moreover, they are required to satisfy the
estimate

(8) |f(t, ϕ, u)| ≤ ρ(∥ϕ(−r)∥), u ∈ Rm, ϕ ∈ C([−r, 0];Rn),

where ρ : R+ → [0,∞) is a continuous function. In particular, one may take
ρ(z) = a∥z∥ν + b, with ν ≥ 1.

To formulate the problem, we introduce the natural Banach space

PW (Jr) = PW (Jr;Rn)

=
{
z : Jr → Rn : z ∈ C(J ′; Rn), ∃ z(t+k ), z(t−k ) and z(tk) = z(t−k )

}
,

where Jr = [−r, τ ], J ′ = J\{t1, t2, . . . , tp}, and J = [0, τ ], endowed with the
norm

∥z∥0 = sup
t∈Jr

∥z(t)∥Rn .

We also denote

Rn × Rn × · · · × Rn =

q∏
k=1

Rn = (Rn)q,

equipped with the norm

∥z∥nq =

q∑
i=1

∥zi∥Rn , z = (z1, z2, . . . , zq)
⊺ ∈ (Rn)q.

Accordingly, the norm in the space C([−r, 0]; (Rn)q) is defined by

∥z∥Cq = sup
t∈[−r,0]

∥z(t)∥nq = sup
t∈[−r,0]

(
q∑

i=1

∥zi(t)∥Rn

)
, ∀z ∈ C([−r, 0]; (Rn)q).

Furthermore, we consider the product Banach space

PW (Jr)× C(J) = PW (Jr;Rn)× C(J ;Rm),

endowed with the norm

∥|(z, u)∥| = ∥z∥0 + ∥u∥0.
In Rn × Rm, we use the norm

∥(z, u)∥1 = ∥z∥Rn + ∥u∥Rm = ∥z∥+ ∥u∥, ∀(z, u) ∈ Rn × Rm.
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Finally, for each (z, u) ∈ PW (Jr)× C(J), we define

∥f(·, u, z)∥0 = sup
t∈[0,τ ]

∥f(t, u(t), z(t))∥Rn .

Definition 1 (Exact Controllability). The system (2) is said to be ex-
actly controllable on [0, τ ] if for every ϕ ∈ C([−r, 0];Rn), z1 ∈ Rn, there
exists u ∈ L2([0, τ ];Rm) such that the solution z(t) of (2) corresponding to
u verifies:

z(0) + P(zτ1 , zτ2 , . . . , zτq)(0) = ϕ(0) and z(τ) = z1.

Definition 2 (Approximate Controllability). The system (2) is said
to be approximately controllable on the interval [0, τ ] if, for every ϕ ∈
C([−r, 0];Rn), z1 ∈ Rn, and ϵ > 0, there exists a control u ∈ L2([0, τ ];Rm)
such that the corresponding solution z(t) of (2) satisfies

z(0) + P(zτ1 , . . . , zτq)(0) = ϕ(0), and
∥∥z(τ)− z1

∥∥
Rn < ϵ.

Theorem 1 (Rothe’s Fixed Point Theorem, [10, 14]). Let X be a Banach
space and let D ⊂ X be a closed and convex set whose interior contains the
origin. Suppose that T : D → X is a continuous operator such that T (D)
is relatively compact in X and T (∂D) ⊂ D. Then there exists x0 ∈ D such
that T (x0) = x0.

2. Controllability of linear systems

In this section, we establish new characterizations of the controllability of
the linear system (3) in the absence of impulses, delays, and nonlocal terms.
We begin with a lemma that characterizes the exact controllability of (3);
this result is a central novelty of the paper.

Lemma 1. System (3) fails to be controllable if and only if there exists a
nonzero function φ ∈ C([0, τ ];Rn) satisfying

(9) φ′(t) = −C∗(t)φ(t)−
∫ τ

t
A∗(s, t)φ(s)ds, t ∈ [0, τ ],

and

(10)
∫ τ

t
B∗(s, t)φ(s)ds = 0, t ∈ [0, τ ].

Proof. Suppose that system (3) is not controllable. Define

D =
{
z(τ) : z is a solution of (3)

}
.

Then D is a linear subspace of Rn and D ̸= Rn. Hence, there exists a
nonzero vector a ∈ Rn such that

⟨a, z(τ)⟩ = 0, ∀z(τ) ∈ D.
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Consider the function φ defined as the solution of

(11)
{

φ′(t) = −C∗(t)φ(t)−
∫ τ
t A∗(s, t)φ(s)ds, t ∈ [0, τ ],

φ(τ) = a.

Let u ∈ Lm
∞[0, τ ] be arbitrary and let z(t) denote the corresponding solution

of (3). We compute∫ τ

0

〈
z(t), φ′(t)

〉
dt =

∫ τ

0

〈
z(t),−

∫ τ

t
A∗(s, t)φ(s) ds

〉
dt

−
∫ τ

0

〈
z(t), C∗(t)φ(t)

〉
dt

=−
∫ τ

0

∫ τ

t

〈
z(t), A∗(s, t)φ(s)

〉
ds dt

−
∫ τ

0

〈
C(t)z(t), φ(t)

〉
dt

=−
∫ τ

0

〈∫ t

0
A(t, s)z(s) ds, φ(t)

〉
dt

−
∫ τ

0

〈
C(t)z(t), φ(t)

〉
dt

=−
∫ τ

0

〈
(C(t)z(t) +

∫ t

0
A(t, s)z(s) ds, φ(t)

〉
dt.

On the other hand, we have∫ τ

0

〈
z′(t), φ(t)

〉
dt =

∫ τ

0

〈
C(t)z(t) +

∫ t

0
A(t, s)z(s) ds, φ(t)

〉
dt

+

∫ τ

0

〈∫ t

0
B(t, s)u(s) ds, φ(t)

〉
dt.

Applying integration by parts and using φ(τ) = a, we obtain∫ τ

0

〈
z′(t), φ(t)

〉
dt =

〈
φ(τ), z(τ)

〉
−
〈
φ(0), z(0)

〉
−
∫ τ

0

〈
φ′(t), z(t)

〉
dt

=

∫ τ

0

〈
C(t)z(t) +

∫ t

0
A(t, s)z(s) ds, φ(t)

〉
dt.

Combining the previous expressions yields

0 =

∫ τ

0

〈∫ t

0
B(t, s)u(s) ds, φ(t)

〉
dt

=

∫ τ

0

〈∫ τ

t
B∗(s, t)φ(s) ds, u(t)

〉
dt,

for all u ∈ Lm
∞[0, τ ]. Therefore,∫ τ

t
B∗(s, t)φ(s) ds = 0, t ∈ [0, τ ].
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Conversely, assume that there exists a function φ with φ(T ) ̸= 0 satisfying
(9) and (10). Let z be any solution of (3). Repeating the previous arguments
and applying integration by parts, we obtain

0 =

∫ τ

0

〈∫ τ

t
B∗(s, t)φ(s) ds, u(t)

〉
dt

=

∫ τ

0

〈∫ t

0
B(t, s)u(s) ds, φ(t)

〉
dt

=

∫ τ

0

〈
z′(t), φ(t)

〉
dt−

∫ τ

0

〈
C(t)z(t) +

∫ t

0
A(t, s)z(s) ds, φ(t)

〉
dt

= φ(τ)z(τ)− φ(0)z(0) = φ(τ)z(τ).

This shows that D admits a nonzero orthogonal vector φ(τ) ̸= 0. Hence,
D is not dense in Rn, that is, D ̸= Rn. Consequently, system (3) is not
controllable. □

2.1. A characterization of the controllability of (3) in terms of lin-
ear operators. In this subsection, we provide an operator-theoretic char-
acterization of the controllability of the linear integro-differential system (3).
The goal is to express the controllability property in terms of suitable linear
mappings acting on the control space.

To this end, consider an arbitrary initial state z0 ∈ Rn and a control
function u ∈ L2([0, τ ];Rm). The corresponding initial value problem

(12)

 z′(t) = C(t)z(t) +

∫ t

0
[A(t, s)z(s) +B(t, s)u(s)] ds, t ∈ [0, τ ],

z(0) = z0,

admits a unique solution, which can be written in the integral form

(13) z(t) = U(t, 0)z0 +
∫ t

0

∫ s

0
U(t, s)B(s, l)u(l)dlds, t ∈ [0, τ ],

where U(t, s) denotes the principal matrix solution associated with the sys-
tem. The matrix U(t, s) is defined as the solution of

∂

∂t
U(t, s) = C(t)U(t, s) +

∫ t

s
A(t, r)U(r, s) dr, U(s, s) = I,

and satisfies the cocycle property U(t, r)U(r, s) = U(t, s) and the bound

(14) ∥U(t, s)∥ ≤ Meω(t−s), ω > 0.

(see [6, 15]). From now on, we shall denote

(15) ∥B∥ = max
{
∥B(t, s)∥ : t, s ∈ [0, τ ]

}
.

We now introduce the controllability operator associated with the system
(3).
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Definition 3. For τ > 0, the controllability operator G : L2([0, τ ];Rm) →
Rn is defined by

(16)
G u =

∫ τ

0

∫ s

0
U(τ, s)B(s, l)u(l) dl ds

=

∫ τ

0

∫ τ

l
U(τ, s)B(s, l)u(l) ds dl.

Proposition 1. The adjoint operator G ∗ : Rn → L2([0, τ ];Rm) is given by

(17) (G ∗ξ)(t) =

∫ τ

t
B∗(s, t)U∗(τ, s)ξ ds, t ∈ [0, τ ], ξ ∈ Rn,

and the corresponding controllability Gramian W : Rn → Rn takes the form

(18) Wξ = G G ∗ξ =

∫ τ

0

∫ τ

l

∫ τ

l
U(τ, s)B(s, l)B∗(k, l)U∗(τ, k)ξ dk ds dl.

Proof. We derive G ∗ from the identity

⟨G u, ξ⟩ = ⟨u,G ∗ξ⟩, ∀ξ ∈ Rn, ∀u ∈ L2([0, τ ];Rm).

Indeed,

⟨G u, ξ⟩ =

〈∫ τ

0

∫ τ

l
U(τ, s)B(s, l)u(l) ds dl, ξ

〉
=

∫ τ

0

〈∫ τ

l
U(τ, s)B(s, l)u(l) ds, ξ

〉
dl

=

∫ τ

0

〈
u(l),

∫ τ

l
B∗(s, l)U∗(τ, s)ξ ds

〉
dl.

This proves the expression for G ∗. Next, we compute G G ∗:

G G ∗ξ =

∫ τ

0

∫ τ

l
U(τ, s)B(s, l)(G ∗ξ)(l) ds dl

=

∫ τ

0

∫ τ

l
U(τ, s)B(s, l)

∫ τ

l
B∗(k, l)U∗(τ, k)ξ dk ds dl

=

∫ τ

0

∫ τ

l

∫ τ

l
U(τ, s)B(s, l)B∗(k, l)U∗(τ, k)ξ dk ds dl.

□

Proposition 2. System (3) is controllable on [0, τ ] if and only if Range(G ) =
Rn.

By a classical result [8, p. 55], we obtain the following equivalent charac-
terizations.

Lemma 2. The following statements are equivalent:
a) Range(G ) = Rn.
b) ker(G ∗) = {0}.
c) There exists γ > 0 such that ⟨Wz, z⟩ > γ∥z∥2 for all z ̸= 0.
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d) The operator W is invertible in Rn.

e)
∫ τ

t
B∗(s, t)U∗(τ, s)ξ ds = 0 ∀t ∈ [0, τ ] ⇒ ξ = 0.

Accordingly, the operator Υ : Rn → L2([0, τ ];Rm) defined by

(19) (Υz)(t) =

∫ τ

t
B∗(s, t)U∗(τ, s)W−1z ds = (G ∗(G G ∗)−1z)(t),

is called the steering operator and it satisfies

(20) GΥ = I.

Moreover,

(21) ∥W−1z∥ ≤ γ−1∥z∥, z ∈ Rn,

and a control that steers the system (3) from z0 to z1 at time T is given by

(22)
u(t) =

∫ τ

t
B∗(s, t)U∗(τ, s) dsW−1(z1 − U(τ, 0)z0)

= Υ(z1 − U(τ, 0)z0)(t), t ∈ [0, τ ].

Lemma 3 (cf. [13]). Let S be a dense subspace of L2(Jr). Then the sys-
tem (3) is controllable by means of controls in L2(Jr) if and only if it is
controllable using controls taken from S. In other words,

Range(G ) = Rn ⇐⇒ Range(G |S) = Rn.

Remark 1. An immediate consequence of the previous result is that con-
trollability may be realized through controls belonging to dense subspaces
of L2(Jr), for instance,

C([0, τ ];Rm), C∞([0, τ ];Rm), L∞([0, τ ];Rm).

Moreover, the operators G , W, and Υ admit natural extensions to spaces
such as C(J), preserving their structural form.

3. Exact controllability of the semilinear system (2)

In this section, we address the exact controllability of the semilinear
integro-differential system (2), which incorporates impulses, delays, and non-
local conditions. The strategy consists in reducing the nonlinear controlla-
bility problem to a fixed-point formulation built upon the controllability
properties of the associated linear system.

More precisely, for a given initial history ϕ ∈ C([−r, 0];Rn) and a control
function u ∈ C(J), it follows from [5,12] that the problem

(23)


z′(t) = C(t)z(t) +

∫ t

0
[A(t, s)z(s) +B(t, s)u(s)] ds

+f(t, zt, u(t)), t ∈ (0, τ ],
z(s) + P(zτ1 , zτ2 , . . . , zτq)(s) = ϕ(s), s ∈ [−r, 0],
z(t+k ) = z(t−k ) + Sk(z(tk), u(tk)), k = 1, . . . , p,
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admits a unique mild solution, which can be represented as

(24)



zu(t) = U(t, 0)
[
ϕ(0)− P(zτ1 , zτ2 , . . . , zτq)(0)

]
+

∫ t

0

∫ s

0
U(t, s)B(s, l)u(l)dlds

+

∫ t

0
U(t, s)f(s, zus , u(s))ds

+
∑

0<tk<t

U(t, tk)Sk(z(tk), u(tk)), t ∈ [0, τ ],

z(t) = ϕ(t)− P(zτ1 , zτ2 , . . . , zτq)(t), t ∈ [−r, 0].

This representation highlights the combined effect of the linear dynamics,
the distributed memory term, the nonlinear perturbation, and the impulsive
contributions. It also provides the appropriate framework to construct a
control that steers the system to a prescribed final state. We are now in a
position to establish the main result of this section.

Theorem 2. Suppose that assumptions (4)–(7) hold and that the associated
linear system (3) is controllable on [0, τ ]. Then the semilinear system (2) is
exactly controllable on [0, τ ].

More precisely, for every initial function ϕ ∈ C([−r, 0];Rn) and every
target state z1 ∈ Rn, there exists a control u ∈ C(Jr) such that the corre-
sponding solution zu(·) satisfies

z1 = U(τ, 0)
[
ϕ(0)− P(zτ1 , zτ2 , . . . , zτq)(0)

]
+

∫ τ

0

∫ s

0
U(τ, s)B(s, l)u(l) dl ds+

∫ τ

0
U(τ, s) f

(
s, zus , u(s)

)
ds

+
∑

0<tk<τ

U(τ, tk)Sk

(
z(tk), u(tk)

)
.

Furthermore, the control can be explicitly constructed as

u(t) =

∫ τ

t
B∗(s, t)U∗(τ, s)W−1L(z, u) ds = (ΥL(z, u))(t), t ∈ [0, τ ],

where the functional L(z, u) is defined by

L(z, u) = z1 − U(τ, 0)
[
ϕ(0)− P(zτ1 , zτ2 , . . . , zτq)(0)

]
−
∫ τ

0
U(τ, s) f

(
s, zs, u(s)

)
ds

−
∑

0<tk<τ

U(τ, tk)Sk

(
z(tk), u(tk)

)
.

Proof. To prove the theorem, we introduce the operator

Φ : PW (Jr)× C(J) −→ PW (Jr)× C(J),

defined by
Φ(z, u) =

(
Φ1(z, u),Φ2(z, u)

)
=: (y, v).
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Here, the components Φ1 and Φ2 are given by

Φ1 : PW (Jr)× C(J) −→ PW (Jr), Φ2 : PW (Jr)× C(J) −→ C(J).

For each t ∈ [0, τ ], we define

(25)

y(t) = Φ1(z, u)(t)

= U(t, 0)
{
ϕ(0)− P(zτ1 , zτ2 , . . . , zτq)(0)

}
+

∫ t

0

∫ s

0
U(t, s)B(s, l)ΥL(z, u)(l) dl ds

+

∫ t

0
U(t, s)f(s, zs, u(s)) ds+

∑
0<tk<t

U(t, tk)Sk(z(tk), u(tk)),

and

(26)
v(t) = Φ2(z, u)(t) = (ΥL(z, u))(t)

=

∫ τ

t
B∗(s, t)U∗(τ, s) dsW−1L(z, u),

where

(27)

L(z, u) = z1 − U(τ, 0)
[
ϕ(0)− P(zτ1 , zτ2 , . . . , zτq)(0)

]
−
∫ τ

0
U(τ, s)f(s, zs, u(s)) ds

−
∑

0<tk<τ

U(τ, tk)Sk(z(tk), u(tk)).

With this construction, the controllability of the semilinear system (2) is
reduced to a fixed-point problem. More precisely, for every prescribed initial
function ϕ ∈ C([−r, 0];Rn) and every target state z1 ∈ Rn, system (2) is
controllable if and only if the operator Φ, defined by (25)–(27), admits a
fixed point; that is,

∃ (z, u) ∈ Dom(Φ) such that Φ(z, u) = (z, u).

Following the same line of argument used in [13], one proves that Φ is con-
tinuous and compact. In addition, Φ satisfies a sublinear estimate of the
form

∥Φ(z, u)∥ ≤ L1 + L2

{
e∥z∥η + a0∥z∥ς0 + b0∥u∥ν0 + c0

}
+ L3

∑
0<tk<T

{
ak∥z∥ςk + bk∥u∥νk + ck

}
,

where L1, L2, and L3 are positive constants depending only on M , ∥B∥,
∥W−1∥, ω, and K. Dividing both sides by

∥(z, u)∥ = ∥z∥0 + ∥u∥0,
we obtain

lim
∥(z,u)∥→∞

∥Φ(z, u)∥
∥(z, u)∥

= 0.
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Hence, for any fixed number 0 < λ < 1, there exists R > 0 sufficiently large
such that

∥Φ(z, u)∥ ≤ λ ∥(z, u)∥ whenever ∥(z, u)∥ ≥ R.

Therefore,
Φ(∂B(0, R)) ⊂ B(0, R).

Since Φ is continuous and compact, Rothe’s fixed point theorem (Theorem 1)
ensures the existence of a point

(z, u) ∈ B(0, R) ⊂ PW (Jr)× C(J)

such that
Φ(z, u) = (z, u).

This proves that system (2) is controllable on [0, τ ]. Moreover, the control
is given by

u = ΥL(z, u) = B∗(·)U∗(τ, ·)W−1L(z, u),

and, for the prescribed initial datum ϕ ∈ C([−r, 0];Rn) and target state
z1 ∈ Rn, the corresponding solution z(t) = z(t, ϕ, u) of (2) satisfies

z1 = U(τ, 0)
[
ϕ(0)− P(zτ1 , zτ2 , . . . , zτq)(0)

]
+

∫ τ

0

∫ s

0
U(τ, s)B(s, l)u(l) dl ds

+

∫ τ

0
U(τ, s)f(s, zus , u(s)) ds

+
∑

0<tk<τ

U(τ, tk)Sk(z(tk), u(tk)).

This completes the proof. □

4. Approximate controllability of the semilinear system (2)

In this section, we establish the approximate controllability of system (2).
The argument relies on combining the exact controllability of a truncated
linear system with suitable estimates on the nonlinear terms.

We assume that the nonlinear functions satisfy condition (8) and that the
following linear system

(28)

 y′(t) = C(t)y(t) +

∫ t

τ−δ
[A(t, s)y(s) +B(t, s)u(s)] ds,

y(τ − δ) = z0,

is exactly controllable on every interval [τ − δ, τ ], for all 0 < δ < τ . For any
initial state z0 ∈ Rn and control u ∈ L2([τ − δ, τ ];Rm), system (28) admits
a unique solution of the form

(29) y(t) = U(t, τ−δ)z0+

∫ t

τ−δ

∫ s

τ−δ
U(τ, s)B(s, l)u(l) dl ds, t ∈ [τ−δ, τ ].
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In particular, given z0, z
1 ∈ Rn, there exists a control vδ such that the

corresponding solution satisfies

(30) yδ(τ) = U(τ, τ − δ)z0 +

∫ τ

τ−δ

∫ s

τ−δ
U(τ, s)B(s, l)vδ(l) dl ds = z1.

We now turn to the semilinear system (2). For every ϕ ∈ C([−r, 0];Rn)
and u ∈ L2([0, τ ];Rm), it is known from [5, 12] that there exists a unique
solution z ∈ PW (Jr) given by the variation-of-constants formula.

Theorem 3. Assume that the nonlinear terms f and Sk satisfy the regu-
larity condition (8) and that the linear system (28) is exactly controllable
on every interval [τ − δ, τ ], 0 < δ < τ . Then the semilinear system (2) is
approximately controllable on [0, τ ].

Proof. Let ϕ ∈ C([−r, 0];Rn), a target state z1 ∈ Rn, and ϵ > 0 be given.
Our goal is to construct a control uδ ∈ L2([0, τ ];Rm) such that the corre-
sponding solution satisfies

∥zδ(τ)− z1∥ < ϵ.

We proceed as follows. First, fix an arbitrary control u ∈ L2([0, τ ];Rm) and
denote by z(t) = z(t, 0, ϕ, u) the corresponding solution of (2). Define

K = max{ρ(∥z(t)∥) : t ∈ [0, τ ]}.
Next, choose δ > 0 sufficiently small such that

0 < δ < min
{ ϵ

MK
, τ − tp, r

}
.

We now construct a new control uδ by modifying u only on the final interval
[τ − δ, τ ]:

uδ(t) =

{
u(t), 0 ≤ t ≤ τ − δ,

vδ(t), τ − δ < t ≤ τ,

where vδ is a control that steers the linear system (28) from the state z(τ−δ)
to the target z1. Since δ < τ − tp, it follows that τ − δ > tp, and therefore
no impulses occur in the interval [τ − δ, τ ]. Using the cocycle property of U ,
we can write the solution of (2) at time τ as

zδ(τ) = U(τ, τ − δ)z(τ − δ)

+

∫ τ

τ−δ

∫ s

τ−δ
U(τ, s)B(s, τ)vδ(τ) dτ ds

+

∫ τ

τ−δ
U(τ, s)f(s, zδs , vδ(s)) ds.

On the other hand, the solution yδ of the linear system (28) satisfies

yδ(τ) = U(τ, τ − δ)z(τ − δ) +

∫ τ

τ−δ

∫ s

τ−δ
U(τ, s)B(s, τ)vδ(τ) dτ ds,
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and by construction,
yδ(τ) = z1.

Subtracting both expressions, we obtain

∥zδ(τ)− z1∥ ≤
∫ τ

τ−δ
∥U(τ, s)∥ · ∥f(s, zδs , uδ(s))∥ ds.

Since 0 < δ < r and s ∈ [τ − δ, τ ], we have s− r < τ − δ, which implies

zδ(s− r) = z(s− r).

Therefore, using condition (8),

∥f(s, zδs , uδ(s))∥ ≤ ρ(∥zδ(s− r)∥) = ρ(∥z(s− r)∥) ≤ K.

It follows that

∥zδ(τ)− z1∥ ≤
∫ τ

τ−δ
Meω(τ−s)K ds

≤ MK

∫ τ

τ−δ
ds = MK δ < ϵ.

This proves that the system is approximately controllable on [0, τ ]. □

5. Final remarks

In this work, we have shown that preserving a genuinely integro-differential
(Volterra-type) structure in the linear part is not only natural for systems
with memory, but also particularly effective for the analysis of controllabil-
ity properties in semilinear settings involving impulses, delays, and nonlocal
conditions. Rather than reducing the model to an equivalent ordinary differ-
ential framework, our approach retains the hereditary dynamics and exploits
their intrinsic structure.

More precisely, we have obtained three main contributions. First, we
provide a characterization of the exact controllability of the associated linear
system (3) in terms of an adjoint integro-differential equation (Lemma 2).
This characterization is complemented by an operator-theoretic formulation
through the controllability map, the explicit computation of its adjoint, and
the introduction of the corresponding controllability Gramian, which plays
a central role in the analysis.

Second, under the sublinearity assumptions (4)–(7), together with the
controllability of the linear system, we establish the exact controllability of
the semilinear system (2). The proof relies on a fixed-point framework based
on Rothe’s theorem, where the nonlinear contributions, impulses, and non-
local terms are handled in a unified manner within an appropriate functional
setting.

Third, by relaxing the structural assumptions on the nonlinearities and
imposing only the growth condition (8) on the delayed external force, we
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prove approximate controllability of (2). The argument is based on a local-
ization technique near the terminal time, combined with a Bashirov-type se-
lection method, which avoids the use of fixed-point arguments and highlights
the robustness of the controllability property under weaker hypotheses.

These results indicate that integro-differential models with memory effects
admit a rich controllability theory, comparable in scope to that of classical
evolution equations, while capturing more realistic dynamics.

As a natural continuation of this work, we plan to investigate optimal
control problems associated with system (2). In particular, an interest-
ing direction is the derivation of a Pontryagin-type maximum principle for
integro-differential systems with impulses, delays, and nonlocal conditions,
including the treatment of mixed cost functionals and constraints on both
the state and the control variables.
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